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Theoretical Solubility  Curves of Mixtures  or  Solid  Solutions  of  Two 
Components 
The  isolation  and  characterization  of  biological  compounds  are 
attended with special difficulty since some substances, such as enzymes 
and vitamir~s, are active in extremely small amount while others,'such 
as the proteins, differ so~ slightly in either chemical or physical char- 
acteristics as to render proof of their purity a  difficult problem.  It is 
frequently impossible to  decide from  analytical results whether the 
material is a  mixture or a  solid  solution or a  pure substance.  The 
phase rule offers the most powerful tool for the solution of such prob- 
lems.  The use of the melting point and  boiling point as  a  test  of 
purity is based on the theory of the phase rule and has been of the 
greatest help in organic chemistry, but in the case of many substances 
such as the proteins, these properties cannot be used and it is necessary 
to make use of an entirely analogous property, the solubility.  Thus 
Landsteiner and Heidelberger (1) were able to show that hemoglobins 
of closely related animals could be distinguished by solubility measure- 
ments, and S~rensen (2) has found that proteins which had been con- 
sidered as pure compounds for years were, in reality, mixtures or solid 
solutions of several proteins. 
There is an extensive literature (3)  on the theory of the solubility 
of both mixtures and solid solutions but practically all the work has 
been in relation to the study of mixtures or solid solutions of known 
components.  The problem  has  been to  define the property of the 
mixture or solid solutions from the properties of the components.  In 
the case of an unknown material, however, the problem is to define the 
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properties of the components from the solubility of the mixture and 
to  determine to  what  extent differences in  the solubility, or in  the 
relative amounts of the components, will affect the total s61ubility or 
the ratio  of the components  in  the  various  phases.  Without this 
information it is not possible to say definitely what possible systems 
may be represented by a given series of experimental results and what 
may not. 
The following discussion is restricted to two components. 
The behavior of a  system consisting of two  solid and one liquid 
phases may be completely predicted by means of the ordinary phase 
rule diagram.  The phase rule, however, furnishes very tittle infor- 
mation as to the behavior of a solid solution in contact with a liquid. 
In this case there are three components and only two phases (assuming 
no vapor present), so that the system has three degrees of freedom even 
when the solid phase is present.  In order to predict the solubility of a 
solid solution therefore, or to interpret the curves obtained, it is neces- 
sary to  assume some relation between the composition of the solid 
phase  and  the  solubility,  The  problem, as Van't  Hoff and Nernst 
pointed out (4), is analogous to that of the vapor pressure of a mixture 
of two miscible liquids, the osmotic pressure in the case of the solution 
being  analogous  to  the  vapor  pressure  in  the  case  of  the liquids. 
Raoult's law, which states that the vapor pressure of one component of 
a mixture of liquids is proportional to the mole fraction of that com- 
ponent in  the liquid mixture times the vapor pressure of  the pure 
liquid, is the most general theoretical relation between the vapor pres- 
sure and composition of liquid solutions.  The law holds accurately 
only in rare cases in which the liquids are closely related, but is a 
valuable guide in most cases.  It  will be assttmed in  the following 
discussion that the systems obey the phase rule and also Raoult's law. 
The evidence in favor of the validity of these relations as applied to 
solid solutions, and especially to proteins, may be summarized. 
The  Phase Rule.--The  question has  frequently been raised as  to 
whether the phase rule applied to colloidal solutions in general and to 
proteins in particular.  If the system is in equilibrium the phase rule 
must be applicable, but it is quite possible that other variables such 
as the surface energy or diameter of the particles must be considered 
as well as the usual temperature, pressure, and concentration.  If this jom~ E.  NoRTm~oP ~U~D ~.  Km~TZ  783 
were true the rule would be of little practical value.  The work of 
S~rensen (2) and of Cohn (5.) has shown, as a matter of fact, that pro- 
teins behave just as other compounds and that the solubility curves 
are those predicted for such systems by the phase rule.  The results 
obtained with pepsin  (6)  also agree with the phase ~rule.  Since the 
phase rule applies only to systems at equilibrium it is necessary to be 
sure that the values obtained are equilibrium values.  In the case of 
solubility relations this can best be done by approaching equilibrium 
from the supersaturated  and also from the undersaturated side.  If 
these two values agree they must represent an equilibrium value.  A 
second point of great importance is the choice of components.  In the 
case of proteins dissolved in salt solution, for instance, the entire salt 
solution, no matter what its composition, may be considered as one 
component provided the composition of the salt solution is always the 
same, i.e.,  the precipitate contains no salt nor water.  Under these 
conditions a  solid protein in equilibrium with a  salt solution consists 
of two phases and two components and has therefore two degrees of 
freedom, so that if the temperature and pressure are fixed the concen- 
tration of the solution is fixed and cannot be varied by varying the 
quantity of either phase.  If, however, the solid phase contains water 
or some of the ions or salts present in solution, as well as the protein, 
then the system has three components since three values, water, salt, 
and protein, are needed to express the composition of the phases; and 
the system has three degrees of freedom even in the presence of the 
solid phase.  That is, the concentration will vary with the amount of 
solid present as well as with the temperature and pressure.  S~rensen 
has found that the neglect of this possibility was the cause of the appar- 
ently abnormal results obtained by earlier workers in connection with 
the solubility of egg albumin. 
Solid  Solutions  and Raoult's  Law.--Raoult's law predicts that the 
solubility  (vapor pressure)  of a  mixture of two miscible liquids  (or 
solids)  will be  represented by a  line  connecting the  vapor  pressure 
(solubility) of the two pure components.  The study of isomorphous 
mixtures of isomers has shown that the solubility of such mixtures 
may sometimes be predicted from Raoult's law, as in the case of the 
camphor oximes  (7);  but that in other cases the  solubility of  such 
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Raoult's  law.  Landsteiner  and  Heidelberger  (1)  have  found  that 
mixtures of hemoglobins from two closely related animals have solubili- 
ties between those of the two separate proteins, so that they form solid 
solutions and agree qualitatively at least with Raoult's law.  S~ren- 
sen's (2) results also indicate that solid solutions are of common occur- 
rence with proteins,  so that  it is a  possibility which must always be 
considered.  There  is,  however,  no  reason  to  suppose that  Raoult's 
law holds in general  in case of solid solutions and  predictions made 
from it must be considered only as approximations. 
Solubility  Curves of Mixtures from the Phase Rule 
The solubility of mixtures of various proportions of two substances 
in a liquid may be represented conveniently on the ordinary phase rule 
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diagram when the composition of the mixtures is known.  In the  case 
of an unknown mixture the problem is to derive the solubilities and 
relative amounts of the components of the mixture from the solubility 
curve of the mixture when added in increasing amount to the liquid. 
This can be done if it be further assumed that the mixtures form ideal 
solutions, i.e., that the solubility of one is independent of the presence 
of the other.  Assume that a solid material consists of a mixture of A 
moles of A  and FA moles of B.  The ratio of B  to A  is then F.  The 
solubility of A is a and of B is Ca, A  is the less soluble so C is greater 
than 1.  Increasing amounts of the mixture are added to unit volume 
of liquid  and  the  total amount  of solid in  the  solution  determined. JOHN  H. IWORTBIROP  AND  ~[. KI/NITZ  785 
This amount is plotted as ordinate against the total amount of the 
mixture added as abscissa  (Fig. 1).  At first all the solid added will 
dissolve and the points will fall on a line with a slope of 45 ° (0-D).  As 
soon as an amount of A or B equal to its solubility is added, solid will 
appear and there will be a break in the curve as at D.  The system has 
now two phases and three components and the concentration can still 
change with the amount of the phases present.  As more solid is added 
the solubility will continue along the line D-E, until at E  the second 
solid phase appears.  There are now three phases and three compo- 
nents, so if the temperature and pressure are fixed the composition is 
fixed and there will be no further change in concentration with added 
solid.  It is now possible to determine F, C and a, either graphically 
or algebraically.*  D-E and E-H are continued back to the solubility 
axis.  The distance 0G is therefore a or Ca and GJ is either Ca or a. 
Since C, by definition, is more than one the larger of these values is Ca 
F 
and the smaller is a.  The slope of the line D-E is ~  if 0 G =  a 
1+ 
1 
and ~  if 0G  =  Ca.  When F  =  C both solids appear together so 
that the solubility curve shown in Fig. 1 for F  =  C has the same form 
as for a pure substance.  If F  >  C,, B  (the more soluble) will appear 
first as solid while if F  <  C, A (the less soluble) will appear first.  The 
diagram shows also that in the part of the curve between D and E  the 
solid phase will be either pure A or pure B and that the extent of the 
range over which the pure solid is present depends on the difference 
between C and F and is zero when C  =  F.  Evidently then this is the 
most significant part of the curve for deciding whether or not a given 
material is a mixture and analysis of the first precipitate to appear is 
the most sensitive test.  If this agrees with that of the original mate- 
rial, or if its solubility is the same as that of the original material, then 
either there is very little of a second substance present or the solubili- 
ties of the two are very nearly in proportion to their relative amounts. 
In case it were suspected that one property of a material were due to 
one substance and another property to another substance the ratio of 
the two properties in the first precipitate to appear would serve as a 
very sensitive test, since at that point the ratio of A  to B must differ 
greatly from that of the original mixture even though the amount of B 
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is so small as not to affect the shape of the total solubility curve and 
the range of existence of pure A or B so small as to render it impossible 
to actually isolate pure A  or B.  Still, near this range the ratio of A 
to B would be different from that in the original mixture.  If the ratio 
of A to B may be measured therefore the possibility of a small per cent 
mixture may be ruled out amt the material must be either a pure sub- 
stance or the ratio of the solubilities of the two components must be 
very nearly identical with their relative amounts.  If in addition, this 
were found to be the case in several solvents it would be practically 
certain that the material was a pure substance since it is highly improb- 
able that the relative solubilities of two substances (except allotropes 
or polymorphs) should be identical in various solvents. 
Solid Solutions 
The question as to whether a given material is a mixture may there- 
fore be settled with practical certainty by solubility measurements in 
various solvents.  Unfortunately, however, in the case of solid solu- 
tions the conclusions are much less definite.  All that can be learned 
from the phase rule is the point at which the solid will appear if the 
relation connecting the solubility of the solid solution in terms of the 
solubility of the pure components and of the percentage composition 
is known.  Since in this case there is only one solid phase the system 
will still have three degrees of freedom after the solid appears and the 
concentration in the solution will vary with the amount of solid phase. 
No information  as  to  the  nature  or extent of this  variation  can  be 
gained from the phase rule alone.  If, however, the system be assumed 
to follow Raoult's law and the relative proportions and solubilities of 
the two components are known, then the form of the solubility curve 
and the ratio of A  to B  at any point can be calculated.  Conversely, 
if the solubility curve is known the relative solubilities can be calcu- 
lated.  In order to define the system, however, it is necessary to know 
three  points  on  the  solubility curve  in  the  case of a  solid  solution 
instead of two as in the case of a mixture. 
Form of the Solubility  Curve.--The  curve  for  the  total  solubility 
resembles that for the case of a mixture but has only one sharp break 
at D.  From D  on the curve rises, the slope becomes less as more and 
more mixture  is present,  and approaches  zero asymptotically.  The JOHN  H. NORTHROP  AND M. KUNITZ  787 
curve will lie between that for pure A  and pure B  and will approach 
the curve for either one or the other as F  varies from zero to infinity. 
If C  =  1 the curve will have the form of that for a pure substance and 
the  total  solubility will be independent  of the amount  of the  solid 
present.  In this case the ratio of A/B would be the same at all points 
and there would be no indication  of the presence of more than  one 
substance.  If C has any value but one, however, the ratio of A/B in 
the first precipitate that appears will be 1/FC  while that of the original 
solid solution is 1/F.  As the amount of solid present increases  the 
ratio of A/B in the solid approaches  1/F while the~ ratio  of A/B in 
solution approaches 1/FC.  At all points the ratio of A/B in solution 
to A/B in the solid equals ~.  As in the case of the mixture therefore 
the best test for the presence of two hypothetical components is the 
ratio of the two properties in the solid, when the material is nearly all 
dissolved,  as  compared with  the  ratio  in  the  solution when  a  large 
amount of solid is present. 
These conclusions may be obtained algebraically from Raoult's law 
as' outlined below. 
Mixtures 
A  the less soluble  a  =  solubility A 
V 
A  =  moles A  -  Ca  =  "  B 
I+F 
VF  (C  >  1) 
FA  --  molesB  - 
I+F 
Total moles dissolved  =  S 
Then 
Total moles in system  =  A  +  FA  =  V 
Total volume  =  1 
From 0  --  D 
V  =  S  (1) 788  SOLUBILITY  CURVES 
From D  -  E 
VF 
S  =  a  +  ~,  if  (Intercept)  0  G  <  G J 
1-1-~ 
or 
V 
S  =  Ca+=---..,if(Intercept)  0G  >  GJ 
Itl" 
FromE  --  H,  S  =  a  +  Ca 
or  atD,  SD  =  VD 
S D 
F=----1 
a 
or 
Ca 
F 
S D -- Ca 
From  (2)  or  (3) 
When  V  =  0 
S  =  aorCa  =  0  G 
Conditions  determining  which  solid  appears  first. 
V I  =  value of  V  when A  appears 
=  B 
Then  VA  VB F 
1  +F  1  +F 
v a  =  a (t +  F) 
Ca 
v~ =  ~- (t  +  F) 
(2) 
(3) 
(4) 
(5) 
(6) ~OHN H: NORTHROP AND M.  KUNITZ 
Divide  (6)  by  (5) 
VB  C 
V A  F 
•  if F  <  C,  V  B  >  V  a  and A  appears  first 
"F  =  C,  V  B  =  V  A  "  both appear  together 
"F  >  C,  V~  <  V~  "  B  appears  first 
Solid  Solutions 
x  =  moles A  in solution 
Raoult's  law 
y  =  "  B  "  " 
x+y=S 
X  (v  ) 
l+F--X  a 
)  x  --1-  y 
1-[-F  i-t-F 
aV 
---~ax 
1-t-  F 
X 
V--S 
Y=  (  VF  x)  (  VF  l-t-  +  =--F  Y 
Ca  VF 
--.  -- Cay 
I+F  y= 
V--S 
aV  1 
(1+19  (V-  S  +  a) 
789 
(1) 
(1 a) 
(2) 
(2 a) 
(3) 
aV  CF 
y  =  --  (4) 
I-P  F  V--  S-4-Ca 790  SOLUBILITY  CURVES 
av  (  cF  1) 
s=x+y=  1T-F  (v-s+c~)  +(v-s+a)  (5) 
x  1  V--S+Ca 
(6)  ~=F-~"  v-s+~ 
From (5)a, F  and C may be solved numerically from 3  points on 
the solubility curve. 
When V  -  S  -- 0  (very little solid) 
a  C  (1  +  F) * 
sD=  c+F 
and when large excess solid  (V >  > S) 
a  (1  +  F  c) 
SR  =  1  .-b  F 
also,  ifC  =  1 
S=a 
From (6)  V  -  S--0 
XD.  1 
YD  F 
* This relation is derived as follows: 
Let  V  -  S  =  U; also  let S D be the value of S  when  U  approaches  zero;  i.e., 
SD  -  VD 
From (5)  U  =  S o  1  1  +  F  U  +~  + 
U  .  0 
or S D  =  =  - 
1T-F  v+c   + 
The value of S D  is  found  by  differentiating  the  indeterminate  fraction  with 
respect to U  and finding its limiting value as U  approaches  zero. JOHN H. NORTHROP AND M. KLrNITZ  791 
and  if  V  -  S  --  V  (large  excess  solid) 
x~_  1 
y~  FC 
g 
also if w  --  A  in solid  =  x 
I+F 
z  --  Binsolid  = 
Substitute  in  (1)  and  (2) 
VF 
Y  I+F 
Wet 
w+z 
Ca  ~. 
Y=~n+z 
X 
y  1 
C 
g 
SUMMARY 
It is shown that the relative amounts and the solubilities of the two 
components of a  mixture or solid solution  may  be calculated  from the 
solubility curve of the mixture or the solid solution. 
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